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ABSTRACT

Subdivision Based Shape Optimization of Compliant Mechanisms
(May 2011)
Akshat Singh, B.E. V.N.S.G. University, India

Chairman of Advisory Committee: Dr. Hong Zhou

Shape optimization is basically the idea of generating the best profile of a
surface so that it improves its mechanical properties and minimizes some other properties
such as weight and reduces stress concentration factor at corners. It is an important
practice since it largely saves time, cost and material during the designing process.

Using method of subdivision includes refining a coarse grid of vertices to
produce a set of refined vertices. This would alter the geometric features of the surface.
The final shape and surface smoothness depends on the kind of refinement scheme
applied to it and the number of iterative meshes the surface goes through for refinement.

In this thesis, Chaikin’s method for subdivision will be used to subdivide the
control points on the surfaces of two compliant mechanisms. Compliant displacement
inverter and amplifier, and compliant gripper will be used for this analysis. For analysis
purposes, the regular quadrilateral discretization and modified quadrilateral discretization

will be considered as the topological optimization conditions for both the mechanisms.

Style and format based on American Society of Mechanical Engineers

1



ACKNOWLEDGEMENT
I would like to take this opportunity to express my deepest gratitude to my advisor
Dr. Hong Zhou for his constant encouragement, guidance and support throughout my
thesis work. It has been a pleasure to work with him and an honor to be his student. His
patience and constant encouragement really helped in completing my work efficiently.
His kind words instilled a positive self-believe in me not only towards my thesis work but
also towards life. I could not have imagined having a better advisor and mentor for my

Master’s study.

I would like to acknowledge my sincere thanks to all the committee members Dr.
Jae-Joong Ryu and Dr. Young Lee, for their advice, support, co-operation and for their

time to review my thesis.

My special thanks to the entire faculty of Department of Mechanical Engineering
for their support and the knowledge that I gained during my course of study at this
university.

Finally, I would also like to thank my parents, my friends for their help and
constant support throughout my thesis work and throughout my master’s program and
making me feel comfortable away from home.

I would like to give a special mention to my friend Mr. Pranjal Killekar for his
constant support and helpful inputs on my thesis and also for keeping me positive during
difficult times. I would also like to thank Mr. Amit Dhamdhame who helped me in

making this report more efficient and presentable.

Style and format based on American Society of Mechanical Engineers

iv



TABLE OF CONTENTS

ABSTRACT ...ttt ettt st st b e st s bbb sbe b esnesbeeneesnesres e e iii
ACKNOWLEDGEMENT ..ottt sttt sttt saeane e e iv
TABLE OF CONTENTS ...ttt ettt ste sttt s sva st s e resae e ebassnennes v
LIST OF FIGURES ....ooiiiiiiiiiienectene ettt eb s ene s e e st e neasteesaesbesenens vii
CHAPTER I INTRODUCTION.....ccciitiriimiiriiniiiie sttt sttt sie e e eeees 1
1.1 Shape OptIMIZAtION. ......ccciviviiriiiiiieeiecerte et 1
1.2 SUDGIVISION ..vvviveesviesiiveseceestes e estraesesres e bse s st ressbsae s e ssessssssessssssesstsassssssens 1
1.4 Motivation and ObJECHIVES .....c.cveviiiiiiiciitiieecri e 5
1.5 Thesis OrganiZation ...........coceevveriiiiiieeiieeieniener et ree e ss e sbeenenens 5
CHAPTER I CHAIKIN’S ALGORITHM FOR SUBDIVISION.......ccccevvrieniniiviniiennens 7
2.1 Background and Definition of Subdivision ........c.cccocceevievinrenieniniinee s 7
2.2 Chaikin’s Algorithm for SUbdiviSIOn........ccooeevierciriiareeniireeccre e 8
23 Topological Rules for Chaikin’s Algorithm ........c.cccccovveviiniiinieniccececreeen, 10
2.4 Geometric Rules for Chaikin’s Algorithm.........cccccoeviiiviiiiiiciiececcenee e, 11
CHAPTER III OTHER SUBDIVISION SCHEMES.......ccccoiiiiiiinirreeneieeec e, 12
3.1 Background and Definition..........ccoevvvrivrreriinsieenin e 12
32 Classification of Subdivision Refinement Schemes ........ccccceeveviniiniennrinnen. 13
3.3 Doo-Sabin SubdiviSion SCHEMIE ...cccviveerieriiiie ettt 16



3.4 Topological Rules of Doo-Sabin Subdivision Scheme...........c.cocovvvivceennennnn 17

3.5 Geometric Rules of Doo-Sabin Subdivision Scheme.........ccccocerveiniiinieninns 21
3.6 Doo-Sabin and Mid-edge Scheme. ..........cccocvevveiniiiniicrieiecee e 22
3.7 Loop Subdivision SChEME .........ccceviriiiiiiriieiiniireiie et 26
CHAPTER IV SHAPE OPTIMIZATION OF COMPLIANT MECHANISMS.............. 36
4.1 IIIPUL et ba e st e e s e e ereaae e e 36
4.2 OULPUL o 36
CHAPTER V DISCUSSION AND CONCLUSION .....cccceviiriiiereniereeeene e sieennes 61
REFERENCES ...ttt sttt st st ebe et b be e sr e st et sbaenee b ssaenre e 63
VITA ettt e skttt s b e et s b e et b e be e s e besbe et e neneneanee 66

vi



LIST OF FIGURES

Figure 1 Subdivision of Closed Loop using Chaikin’s Method for “Corner Cutting” : (a)

First Mesh; (b)-(d) New Meshes After 1st, 2nd & 3rd Generations. [20] ......ccceoveerereennen. 8
Figure 2 Subdivision of Open Loop using Chaikin’s Corner Cutting Algorithm [16]....... 9
Figure 3 Topological Rules for Chaikin’s Scheme [20].........cc.cccccoviiiinincnininicinienne. 10
Figure 4 Face Split Scheme. [19]..cc...ooiiiiiiii e 15
Figure 5 Vertex Split Scheme. [19] ...oooviiiiii e 16
Figure 6 (a)-(f) Doo-Sabin Subdivision Steps and 1st Refinement. .........c.ccocovvevenennenne. 21
Figure 7(a)-(e) Doo-Sabin and Mid-edge scheme .........c.ccoccvviiniiniiiiniiiinceee 23
Figure 8 Binary Loop Subdivison [16] .....cc.ccccvviiiiiiniiiiiniiniiniiiiiniceiicsneence 27
Figure 9 Ternary Loop Subdivision [16] .......ccccceeviiviiirniniiiniinienniiiniencneeincne 29
Figure 10 (a)-(c) Subdivision Masks for Ternary Loop Subdivision [16].........cc.cccccue.. 31
Figure 11 (a)-(d) Binary Loop Subdivision for initial mesh with four points................... 32
Figure 12 Initial MeSh.......coooveiiiiiiiiiiiiiic s 37
Figure 13 1st RefiNement.......c.cooociiriiriiiiciiiiiiecrc e 38
Figure 14 2nd RefINEMENt ....c..oovviiiiiiiiiiiiiciieicce ettt s 39
Figure 15 3rd Refinement ..........ccooiiiriiiiiiii e 40
Figure 16 4th Refinement ......c...cocccoviiiiiiiiiiiii 41
Figure 17 5th RefINemEnt .......c.oocveriiieiriiiiiteneccee et 42
Figure 18 Initial MEsh........cvciiiiiiniiiiiiiiiiiien s 43
Figure 19 1st RefInement........cccooveniriiiiiiiiciiiiir e 44
Figure 20 2nd RefINEMENT ....coviviiiiiiiiiiiiiiieeieseccee st 45

vii



Figure 21 3rd RefINEMENt ......ccveveiiiiiieiiiieicciieee sttt s 46

Figure 22 4th REfINEMENE ...c..ooveriiiiiiiiiieie ittt st 47
Figure 23 5th RefINEMENT ..c.uviovvviiiiiiiiiiiiceiie ettt et e naseene 48
Figure 24Init1al MESh........ccoiiiiiiiiiiiiiieenteee et e 49
Figure 25 15t RefINEMENT......c.ciieiviierciiciecticiieene ettt 50
Figure 26 2nd RefiNement ........c.oooiiriiiniieiiieceeeeseecieeseseesrastee e 51
Figure 27 3rd RefINement ......ccocveiriiiiiiiiiiiiiietee et 52
Figure 28 4th RefInement ........ccooveoiiiiiiiiiiiee e 53
Figure 29 S5th RefINement ........coocveviiniiiiiiiiiiiiiiicicccicr e 54
Figure 30 Initial MESh.......ccoiiiiiiiiiiirieicirc ettt 55
Figure 31 1st RefINEMENt.......coevviiviiirieiiinieic et 56
Figure 32 2nd RefINement .......cc.eeviiiiiiiiiieiiiie it s 57
Figure 33 3rd Refinement ........cccevviiiiniiiiici e 58
Figure 34 4th RefINEMENT ..cc..oovviriiiiiiriiiiiiiciiere ettt 59
Figure 35 Sth RefiNement ........ccccciviiiiiiiiiii e e 60

viii



CHAPTER1

INTRODUCTION

1.1 Shape Optimization

Shape optimization is the practice of finding the best profile for a component so
that it has superior mechanical properties. When optimizing for shape, geometric
modeling and structural analysis are integrated into one absolute, automated computer-
aided design process. The boundary profile for any element of a 2-D or 3-D structure
having least mass can be determined, under constraints of certain geometrical and
structural responses, by shape optimization techniques. By making use of results from the
analysis programs, the design can be improved efficiently. During the design process,
there is a continuous change in the shape of the object, therefore, careful consideration is
required for the following: 1) to describe the change in boundary shape, 2) to maintain an
appropriate finite element mesh, 3) to improve the correctness of the sensitivity analysis,
4) to impose proper constraints and 5) to utilize existing optimization methods to solve
the shape optimization problem. Because of its benefits of cost, material and time saving

in engineering design, shape optimization holds an important area in the field of research.

1.2 Subdivision
Subdivision is the method of representing a smooth surface by specifying
dense linear mesh for each element of the surface. By the process of recursive

subdivision of each polygonal face of the coarse mesh into smaller polygons, a smoother

Style and format based on American Society of Mechanical Engineers
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surface is obtained. It is necessary to define the subdivision surfaces recursively in order
to obtain smoother, better surfaces. Initially, the process requires a given polygonal mesh
to which a refinement scheme needs to be applied. The refinement scheme when applied
to the given polygonal mesh subdivides that mesh. As a result of this subdivision, new
vertices and new faces are created. The positions of these new vertices are calculated

based upon the locations held by the immediately surrounding old points.

The new surface obtained after the subdivision of the given polygonal mesh,
contains a mesh which is denser than the original one since it contains more polygonal
faces. By iterative application of this refinement scheme to the new mesh, the limit

subdivision surface can be obtained.

Currently, the standard method practiced for modeling of shapes is non-uniform
rational B-splines (NURBS). In this representation, a inflexible rectangular mesh of
control vertices are used. This representation uses two knot vectors, one along each
direction of the edge of the rectangle. Because of this, it has a disadvantage while
estimating the shapes of commonly used topology. For example, it becomes difficult to
represent surfaces that have holes or that have complex geometry by NURBS. However,
the results obtained by using subdivision surfaces compliment the solutions obtained
from NURBS. Because of its high efficiency, flexibility and simplicity, subdivision

surfaces form an integral part in computer graphic applications.

1.3 Current Research Situation
In his recent work, Z. Wu [1] proposed a highly accurate and efficient approach

for shape optimization based on finite element method in association with the popularly

Style and format based on American Society of Mechanical Engineers



used fully stressed design criteria. In this method, the aim was to decrease the value of
the stress concentration factor. The stress value at a fixed point was considered to be the
threshold value thus avoiding the restriction on the initial design boundary shape. V.
Braibant and C. Fleury [2] showed in their work that B-splines, because of their flexible
nature and ability to implement easily with complex shapes, are the most powerful tool
for optimum shape design of elastic shapes. J. Stam [4] made an important contribution
by providing a convenient and efficient technique for evaluating the Catmull-Clark
subdivision surfaces. The surfaces were expressed by certain eigenbasis functions.These
functions depend on refinement scheme. Because of this contribution many algorithms
and investigation techniques which were calculated for parametric shapes can now be
extended to Catmull-Clark surfaces. D. Zorin and D. Kristjansson [3] did an extension of
the contributions of J. Stam by taking into consideration the subdivision rules for
piecewise smooth surfaces with boundaries depending on parameters. They used a varied
sets of basis vectors, which were proportional to the coefficients of subdivision rules, for
evaluating the surfaces. H. Suzuki, T. Kanai, et al. [S] used Subdivision Limit Position
(SLP) for adjusting the control mesh accordingly so that it fits to the data points.
However this method is only useful when it is required to create a surface that represents
general shape consisting of all the data points. A new algorithm based on quasi-
interpolation was introduced by N. Litke, A. Levin and P. Schroder [6] according to
which a Catmull-Clark subdivision surface can be fit to a specified shape within a given
allowable tolerance. This technique helps in efficiently creating highly detailed features.
K.C. Hui and Y.H. Lai [7] proposed an approach by which subdivision surfaces of an

object can be created from profile curves lying on the two principle planes. For creating



the surface, it is required to interpolate those surfaces which were generated from
sweeping the profile curves about the principle axis. This is a flexible technique bye
which objects can be generated at various mesh resolutions. J. Lian and Y. Yang [8]
introduced a new scheme called the Cross scheme for surface design where the number of
vertices were doubled from current level to next subdivision level after each application
of the C-scheme. This scheme gives better results than the Catmull-Clark scheme not
only at nearby vertices but also in non-vertical and non-horizontal directions. H.
Biermann, I. M. Martin, et al. [9] worked on a method where sharp features and trim
regions can be created on Catmull-Clark multi resolution subdivision surfaces with a
given set of user-defined curves. In their algorithm, the parameterization of a defined
surface is changed so that it aligns with a pre-image of the feature curves in the parameter
domain which produced a surface similar to the initial surface with curves passing
through the mesh edges or the face diagonals. Application of special subdivision rules
along the curves then would help in creating sharp profiles and trimming by removing the
mesh portion inside the trim curve. A new method of subdivision was introduced by
Loop [21] based on the subdivision of triangles called the Binary Loop Subdivision.
According to his algorithm, each triangle in the previous mesh is subdivided into four
new smaller triangles. Later, Loop [22] extended his own work to subdivide a triangle
into nine triangles. This method is called Ternary Loop Subdivision. J. Stam and C.
Loop [10] introduced a new hybrid quad/triangle scheme which unifies Catmull-Clark
and Loop surfaces in a single framework. Since their algorithm makes use of both the
triangular and quadrilateral meshing schemes, the surface produced is better than those in

the previous schemes.



1.4  Motivation and Objectives

In this thesis we focus our attention on optimizing the geometric features such as
shape and smoothness of two examples of compliant mechanisms, i.e, compliant
displacement inverter and amplifier, and compliant gripper.

Topological optimization techniques of regular quadrilateral discretization and
modified quadrilateral discretization will be used for subdivision process for both the
examples.

Chaikin’s algorithm for subdivision of surfaces will be used to compute the
position of new vertices.

According to this criterion, the locations of the new points are calculated based on
positions of the neighboring vertices.

This process will be repeated till the desired shape and smoothness is achieved.

The results from this analysis can be used in the design of compliant mechanisms

and geometric modeling.

1.5 Thesis Organization

This thesis is divided into five chapters.

The first chapter gives a brief introduction about shape optimization and
subdivision surfaces. Current research situation and objectives of this thesis are also
reviewed in this chapter.

Chapter two discusses the Chaikin’s algorithm for subdivision.

The third chapter deals with the other subdivision schemes commonly used.



Subdivision and shape optimization for compliant mechanisms is discussed in
chapter four. Examples of compliant displacement inverter and amplifier, and compliant
gripper are also discussed in this chapter.

Chapter five concludes the thesis work and throws some insight on the future

work that can be done on this topic.



CHAPTER 11

CHAIKIN’S ALGORITHM FOR SUBDIVISION

In this chapter, the background and basics of subdivision, in general, are
discussed. Chaikin’s algorithm [23] for subdivision being one of the most simplest,
straightforward and easy to implement is also discussed. Because of its ease of
implementation for both closed and open loop surfaces, this method can be implemented

on any given initial mesh.

2.1 Background and Definition of Subdivision

The origin of subdivision surfaces can be traced back to the late 40s and 50s when
a method called “corner-cutting” was used by G. de Rham for describing smooth curves.
Catmull and Clark and Doo and Sabin made important contributions when they used
subdivision for modeling surfaces. Since then subdivision surfaces have held an vital role
in CAGD applications.

Subdivision is basically a method of subdividing a shape recursively till a
surface of desired shape and smoothness is achieved. The process of subdivision involves
refining a given polygonal mesh on the surface. The new polygonal mesh formed after
each step of subdivision contains the new vertices whose positions are calculated with
respect to the vertices of the polygonal mesh in the previous step. The new surface
obtained after the subdivision of the given polygonal mesh, contains a mesh which is
denser than the original one since it contains more polygonal faces. By iteratively

applying this refinement scheme to the new mesh, the limit subdivision surface can be



obtained. The surface shape can be altered by choosing a different set of control points to

form different control polygons for each mesh refinement.

2.2 Chaikin’s Algorithm for Subdivision

Chaikin’s algorithm for subdivision of surfaces is the most simplest and easy to
implement algorithm. It can be easily implemented on both closed loop and open loop
surfaces. Figures 1 and 2 show the implementation of Chaikin’s algorithm for closed and

open loop conditions.

%

(€} b —e—e==0 (dy b3 gl

Figure 1 Subdivision of Closed Loop using Chaikin’s Method for “Corer Cutting” : (a)

First Mesh; (b)-(d) New Meshes After 1st, 2nd & 3rd Generations. [20]



o
S—

k‘ l’1 ll
;

(c) (d)

Figure 2 Subdivision of Open Loop using Chaikin’s Corner Cutting Algorithm [16]

By applying Chaikin’s algorithm, a quadratic B-spline curve is generated from a
polygon after its corners are cut successively in during refinement. Because of this

refinement scheme, two new points are inserted on each polygon leg.
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23 Topological Rules for Chaikin’s Algorithm

Chaikin’s subdivision scheme is carried out by cutting off the corners of the intial
control mesh. Figure 3 depicts the topological rules that should be followed while
applying Chaikin’s corner cutting scheme. Every comer in the initial control mesh yields
two new vertices. These vertices are located on the edges joining the old vertex. Thus, a
new edge of length shorter than the older edge is formed by joining these new vertices.
The same procedure is continued for all the vertices thus reducing the length of all the

edges.

G““‘ el @
1{!-«[

Figure 3 Topological Rules for Chaikin’s Scheme [20]



11

2.4 Geometric Rules for Chaikin’s Algorithm
For a polygon with n vertices, the subdivision mask used for calculating the new

control vertices by Chaikin’s algorithm is:

e (2.2)

A new polygon is formed by joining the newly created points. By repeated corner
cutting, quadratic B-spline curve is generated as the limit surface.

The number of vertices generated after each refinement of the mesh is usually
double the number of the older vertices. Therefore, the user has a greater control over the

control nodes if the aim is to optimize the object for shape.



CHAPTER III

OTHER SUBDIVISION SCHEMES

The smoothness and shape of the limit surface depends on two most important
things: the type of refinement scheme applied, and the number of times the initial mesh is
subdivided using the selected refinement scheme. In this chapter, an overview is given to
describe the general classification of the subdivision schemes. Based on these

classifications, several subdivision schemes are briefly discussed.

3.1 Background and Definition

The origin of subdivision surfaces can be traced back to the late 40s and 50s when
a method called “corner-cutting” was used by G. de Rham for describing smooth curves.
Catmull and Clark and Doo and Sabin made important contributions when they used
subdivision for modeling surfaces. Since then subdivision surfaces have held an vital role
in CAGD applications.

Subdivision is basically a method of subdividing a shape recursively till a surface
of desired shape and smoothness is achieved. The process of subdivision involves
refining a given polygonal mesh on the surface. The new polygonal mesh formed after
each step of subdivision contains the new vertices whose positions are calculated with
respect to the vertices of the polygonal mesh in the previous step. The new surface
obtained after the subdivision of the given polygonal mesh, contains a mesh which is
denser than the original one since it contains more polygonal faces. By iteratively

applying this refinement scheme to the new mesh, the limit subdivision surface can be

12
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obtained. The surface shape can be altered by choosing a different set of polygons for
each mesh refinement.

Every Subdivision scheme is governed by two basic combination of rules:
Topological rules and Geometric Rules.

Subdividing any given mesh into a refined mesh is governed by topological rules.
After a subdivision scheme is chosen, new control nodes are inserted into the old edges or
faces based on these topological rules. These topological rules also define the connection
between the old vertices and the new vertices. [20]

Geometric rules help in calculating the exact locations of the new control vertices
in the new refined mesh. Affine invariance, subdivision masks, proportionality of the
mesh, and how the final surface behaves need to be considered while deciding on setting

the geometric rules for mesh refinement. [20]

3.2 Classification of Subdivision Refinement Schemes
The refinement schemes can be classified as follows:
1. On the basis of the refinement rule.
(a) Vertex split.
(b) Face split.
2. On the basis of the mesh generated.
(a) Triangular mesh.
(b) Quadrilateral mesh.
3. The refinement scheme can be approximating scheme or an interpolating one.

4. On the basis of smoothness of the limit surfaces for regular meshes (C1, C2 etc.)
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The following table gives a general classification of the refinement schemes:

Table 1 Classification of Subdivision Schemes [19]

Face Split Vertex Split

Triangular Meshes | Quad. Meshes
Doo-Sabin, Midedge (C h

Approximating | Loop (C°) Catmull-Clark
Biquartic (C?

Interpolating | Mod. Butterfly (C') | Kobbelt (C') Chaikin’s Algorithm

Type of Mesh

A subdivision scheme depends mainly on the control mesh. A control mesh is formed by
joining a set of regularly spaced vertices on the plane of the surface. But the face of the
mesh can be formed in various ways depending on the order in which the vertices are
joined. For a regular polygon, the face polygon can be chosen by selecting so that they
form (1) quadrilaterals, (2) triangles and (3) hexagons. Meshes with hexagonal polygons
are not commonly used. Quadrilateral and triangular meshes are the most convenient and

widely used.

Face Split and Vertex Split
After deciding the type of mesh to be used, it is required to define how the refined mesh

is related to the older mesh. A refined mesh can be generated by two approaches: (a) face
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split or primal, (b) vertex split or dual. Figure 4 [19] depicts the face split scheme. For a
Jface split scheme, every face of triangular or quadrilateral mesh can be subdivided into
four faces. In case of a quadrilateral mesh, an extra vertex is inserted for each face. For a
vertex split scheme (figure 4), new vertices are generated for each old vertex, one on each
face adjacent to the old vertex. As a result of this scheme, new faces are obtained for
every edge and also for all vertices. The new vertices that are created all have a valence
of 4. Vertex split scheme for triangular meshing result in non-nesting hexagonal meshes.
Quadrilateral meshing overcomes this drawback as both the face split and vertex split

schemes can be applied to it.

Face spiit for riaugies

Figure 4 Face Split Scheme. [19]
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Figure S Vertex Split Scheme. [19]

Approximating and Interpolating Schemes

Face split schemes can be both approximating or interpolating. The vertices in the
original mesh also form the vertices of the refined mesh. A certain sequence of control
points is defined for each old vertex corresponding to various subdivision levels. The
scheme is approximating if all these points are not in the same sequence whereas the
scheme is called interpolating if these control points are in the same order. Interpolating
scheme is convenient to use since control points in the original mesh remain the same
control points in the limit surface. However, the quality of the surface generated from
interpolating scheme is not as good as the surface generated from an approximating

scheme. Approximating schemes also converge faster than the interpolating schemes.

33 Doo-Sabin Subdivision Scheme
Doo-Sabin scheme [24] is an approximating refinement scheme that was

introduced by Donald Doo and Malcolm Sabin.
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b

The Doo-Sabin subdivision scheme is based on Chaikin’s “corner cutting’

algorithm. It is a generalized tensor product form of algorithm proposed by Chaikin.

34 Topological Rules of Doo-Sabin Subdivision Scheme

The surfaces generated as a result of Doo-Sabin subdivision scheme are
generalized version of homogeneous bi-quadratic B-spline surfaces. For a polygon with
n-vertices, the basic principle to subdivide it with this scheme is to insert n new vertices.
These new vertices are calculated by a set of geometric rules which are as follows:
1. Consider vertex V| on the initial mesh (figure 6 a) which is located on face F and is at
the meeting point of the adjacent edges. A new point 1 is created such that it is a
weighted average of (a) Vi, (b) the center points of edges (V;-V; and V;-V}¢) which are
adjacent to V;, and (c) the face point which is mean of all the points of that face F. The
same process can be repeated for all the vertices to obtain all the new points (Figure 6 b).
2. Again, consider the face F containing all the new points 1, 2, 3, 4. Connecting all these
points will form a polygon which now becomes a new face on the refined surface. The
polygons formed in the process are called Face-polygons (or F-polygons). The same
procedure can be repeated for all other faces (Figure 6 c).
3. A vertex is usually common to several faces. Consider a vertex such as Vj; as the
same. By connecting all the points (3, 8, 17, 22 ) close to this vertex Vi;, a new polygon
will be formed. Now, this polygon becomes the face in the subdivided surface. The
polygons formed in the process are called Vertex-polygons (or V-polygons). The same

procedure can be repeated for all other faces (Figure 6 €).



18

4. Consider the edge Vo~V in the initial mesh. There are two faces which are adjacent
to this edge and contain the new points. A new polygon is formed by joining all the new
points (4, 3, 22, 21) around this edge. This polygon then becomes the face in the new
surface. The polygons formed in the process are called Edge-polygons (or E-polyons).

The same procedure can be repeated for all other faces (Figure 6 d).

Vs Vs v,

T"‘r
‘ ’ T T T Y P &

q Y T USRS W e ‘ LI G L LR ’m S i $ vV s
Vo v

12
Vi

v,

Figure 6 (a) Initial Polygon
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Figure 6 (c) Face Polygons
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Figure 6 (e) Vertex-Polygons
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To get the first refinement of the initial mesh, all the polygons formed by the
above steps are joined. This will give a new refined surface to which the refinement

scheme can be applied again in the same manner to refine it further. This is shown in

figure 6 ().
v8
& "
~%20
v 417
10 @Y oo ey
’_~
4 371 T3
EEELAS & Se 142104

4! Vv, V, V,
() 1st Refinement

Figure 6 (a)-(f) Doo-Sabin Subdivision Steps and 1st Refinement.

35 Geometric Rules of Doo-Sabin Subdivision Scheme

Doo-Sabin surfaces only require one subdivision mask. The same subdivision
mask can be used for all the faces.

For any regular face containing four sides, the subdivision mask can be described

as follows:



g 3 1 3
V==vpt—vi+t —vot+ V3 i
15 18 16 16

For an irregular face, the subdivision mask can be defined as:

n—1

H
v = E Vi
i=0

To calculate the coefficient a;, Doo-Sabin suggested the following:

_ n+5
T T fori=0
Or,
3 + 2cos (%—;E)
@ =
! 4n fori=1,2,...,n-1 ...

............

The limit surface obtained by using Doo-Sabin subdivision scheme is a quadratic

spline. Unlike Chaikin’s algorithm, Doo-Sabin subdivision scheme cannot be applied to

open loop. The reason behind this is that the Doo-Sabin subdivision scheme thrives on

the polygons generated after each refinement.

3.6 Doo-Sabin and Mid-edge Scheme

A combination of Doo-Sabin and Mid-edge scheme [18] [19] is applied to the initial

mesh in figure 6 is shown below in figure 7 (a) - ().
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Figure 7(a)-(e) Doo-Sabin and Mid-edge scheme

To apply the Doo-Sabin/Midedge scheme, the intial four vertices are subjected to Doo-

Sabin’s subdivision mask. The subdivision mask is given by :

1= :—GVI + %Vz + ng3 + -:—5V4 ......................... (3.5
2= %Vz + %Vg, + ng4 + %V] ....................... (3.6)
3= %V3 + %Vz + Ilng + -:'EV4 ........................ 3.7)
4= -;;V4 + -%V3 + j31—6V2 + -%V] ....................... 3.8)

where 1, 2, 3, 4 are the four new vertices as shown in figure 7 (b).

Now, consider the new point 1. To calculate the point 1°, auxiliary lines parallel
to the adjacent edges are drawn from 1 to intersect the adjacent sides at 1a and 1b. Then,
1’ becomes the centre point of the polygon V;-1a-1-1b. Similarly, the points 2°, 3°, 4’ are

also located as shown in figure 7 (b).
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Figure 7 (b)

The 1* refinement of the initial mesh is shown in figure 7 (c). This is the polygon
that is formed by joining all the new points. Each corner in the previous mesh generates
three new vertices after each refinement. By following the same procedure, next

refinement is computed as shown in figure 7 (e).



Figure 7 (¢)

Figure 7(d)
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v, v,

Figure 7 (€) 2" Refinement of Initial Mesh

3.7  Loop Subdivision Scheme

The Loop subdivision scheme was formulated by Charles Loop. It is an
approximating scheme. The surfaces generated by this scheme are C2 continuous at all
the points except at the extraordinary points. At the extraordinary points, the surfaces
generated are C1 continuous. By Loop’s algorithm, each triangle in the original mesh is

divided into 4 new triangles. This is also called binary Loop subdivision algorithm. [21]
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In the binary Loop subdivision scheme, a vertex point is generated for all the old
vertices in the initial mesh. Each edge of the triangle also generates a new edge point.
These new vertices and edge points form the new refined small triangles for the next step

of refinement.

EB-H

Figure 8 Binary Loop Subdivison [16]

To get a better understanding of the binary Loop subdivision, consider the edge
V-V as shown in figure 8. This edge is shared by the triangles V|-V ;-V; and V-V7-V,.

Now, the edge-point for this edge is calculated as:
3 1
E = S (W +1) 45 (G +15)

However, for the edges that form the boundary, the edge p;)int can be calculated
by averaging the vertices forming the boundary edges. So for edge V3 and V,, the edge

point is calculated by
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1
Ey 1= 5‘(@’3 + Vu) (3.10)

In this case, the edge point is always located on the edge.
Now to calculate the vertex point, consider the vertex V.. The new vertex point

for this vertex is calculated by
Y' 5 I 3
L2=§Lz+§Q2 ......................... (311)
Here Q; is an average of all nodes that connect to V5.
Q=05 +V+Vyy Vo +V5)/5 (3.12)
For the vertices that are located on the boundary edge such as V3, the new vertex

point can be calculated as the weighted addition of
S AT, V) s (3.13)

The main disadvantage of this method is that after some iterations, the surface is
not smooth at “extraordinary” vertices.. This is because the tangent plane loses its
continuity at extraordinary vertices. An improvement to this scheme called the Ternary
Loop method [22] was also introduced. The vertex point is calculated as the eweighted
sum o,Vi+(1-0,)Q;. Here n is the number of triangles, V; is the vertex that n triangles
share and Q; can be calculated as the average of the vertices that surround Vi. o, is

calculated by
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Figure 9 Ternary Loop Subdivision [16]

In this method, a triangle is divided into 9 smaller triangle (figure 9) and the new

vertices and edges are calculated by using the suitable subdivision mask.

Figure 10 (a)

For subdividing a triangle into 9 small triangles, it requires one face point, 2 edge

points for every edge and 3 new vertex nodes. This is shown in figure 10 (a).
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In figure 10 (b), ‘b’ can be calculated by the subdivision mask shown. It can be
calculated by adding weights of 7 vertices obtained from 6 triangles. To normalize these
weights as displayed in figure 10 (b), the weights are divided by the total sum of weights

which is 81. Similarly all the edge points are calculated.

Figure 10 (b)

Figure 10 (c) shows the subdivision mask for calculating the face point ‘c’. It can
be calculated by adding weights of 6 vertices obtained from 4 triangles. To normalize the
weights, the weights have to be divided by their total sum of 27. All the triangles which
share same vertex determines the position of the vertex point. If n triangles share the
same vertex ‘a’, then all the vertices that lie on the same edge as the vertex ‘a’ have the
weights (1-a)/n and ‘a’ has the weight a. It was found that a=5/9 was the most suitable

weight which worked in most of the cases.
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Figure 10 (a)-(c) Subdivision Masks for Ternary Loop Subdivision [16]

For applying the binary Loop subdivision scheme to the initial mesh shown in
figure 6, the initial mesh is divided into 2 triangles as shown in 11 (b). This is because the

Loop subdivision algorithm works only for triangles.



Figure 11 (a)

Figure 11 (a)-(d) Binary Loop Subdivision for initial mesh with four points
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Figure 11 (b)

Since the edges V-Vj, V,-Vi, V3-V4 & V4-V,| form the boundary edges, their
edge points can be located as the midpoint each edge namely E;, E;, E; and E4
respectively. For edge V-V3 the edge point Es can be calculated as:

3 1
By = g(l"l + W) “?‘g (W +¥)

The vertex points 1, 2, 3, 4 as shown in figure are generated from the old nodes
Vi, Vo, V3 & V4respectively. New vertex point 1 can be calculated as the weighted sum

of neighboring boundary vertices.

6 t
=gh 52 +1%)
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Similarly, new vertex points 2, 3, and 4 are also located. The vertex points and

edge points are joined as shown in figure 11 (c¢) to get the first refinement of the old

mesh.
Vs
E, - i
g - ) 3
v, - - \ !
. \ 1
Y g ~ \ES - - j
AN o L, - /
\ - T~ -
\ — E,
- /i hY
E, / / \ /
\ / f hY f
\ / A\

v { \/
o T Y
Vs

v, E,

!

Figure 11 (c) 1* Refinement
Figure 11 (d) shows the second refinement of the initial mesh. For this
refinement, the edge point Es becomes an internal vertex. For an internal vertex, the new
vertex is calculated by
E’s= §E5+§Q5 ............... (3.17)

Here,

Q=(1+E +2+E +3+E +4+E,)/8
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Figure 11 (d) 2nd Refinement

For the second refinement, the edge points and the vertex points are calculated as
described earlier. After each refinement, the number of triangles becomes four times the
triangles in the previous refinement step. By Loop’s algorithm, the curve produced is

cubic spline.



CHAPTER 1V

SHAPE OPTIMIZATION OF COMPLIANT MECHANISMS

In this chapter, two examples of quadrilateral discretization and modified
quadrilateral discretization for compliant mechanisms will be discussed. Compliant
displacement inverter and amplifier, and compliant gripper are considered for both the
cases of discretizations. Chaikin’s algorithm will be applied on both the discretization
conditions for both compliant mechanisms. MATLAB will be used for the application of

Doo-Sabin scheme.

4.1 Input
The inputs to a Chaikin’s algorithm are the vertices of the polygonal mesh. In
each refinement level of the scheme, vertices are the only input; the only difference is

that the vertices will keep on changes in each step.

4.2 Output

After the input vertices are fed to the refinement scheme, new positions of the
new vertices are calculated by it. The old vertices are cut off and the new vertices are
generated. The length of the edges formed by joining the new vertices goes on decreasing
with every refinement. The process is continued till the limit surface is obtained.

The two examples will be discussed here in detail.
Example 1: Compliant Displacement Inverter and Amplifier.
Case (a) : Regular Quadrilateral Discretization
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Step 1: The first step of the Chaikin’s subdivision scheme is shown in figure 12.

Pl -

Figure 12 Initial Mesh

Figure 12 shows the initial mesh for the regular discretization of compliant
displacement inverter and amplifier. The figure contains three outer open loops and 1

closed loop.



Step 2: Figure 13 shows the 1* refinement of the initial mesh.
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Figure 13 1st Refinement
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Step 3: Figure 14 shows the 2™ refinement of the initial mesh.
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Figure 14 2nd Refinement



Step 4: Figure 15 shows the 3™ refinement of the initial mesh.
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Figure 15 3rd Refinement
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Step 5: Figure 16 shows the 4th refinement of the initial mesh.
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Figure 16 4th Refinement
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Step 6: Figure 17 shows the Sth refinement of the initial mesh.

Figure 17 5th Refinement



Case (b) : Modified Quadrilateral Discretization

Step 1: Figure 18 shows the initial mesh.
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Figure 18 Initial Mesh



Step 2: Figure 19 shows 1% refinement the initial mesh.
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Figure 19 1st Refinement



Step 3: Figure 20 shows 2™ refinement the initial mesh.
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Figure 20 2nd Refinement



Step 4: Figure 21 shows 3™ refinement the initial mesh.
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Figure 21 3rd Refinement



Step 5: Figure 22 shows 4th refinement the initial mesh.
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Figure 22 4th Refinement



Step 6: Figure 23 shows 5th refinement the initial mesh.
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Figure 23 5th Refinement
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Example 2: Compliant Gripper.
Case (a) Regular Quadrilateral Discretization.

Step 1: Figure 24 shows the initial mesh.
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Figure 241Initial Mesh



Step 2: Figure 25 shows 1st refinement the initial mesh.
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Figure 25 1st Refinement



Step 3: Figure 26 shows 2nd refinement the initial mesh.
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Figure 26 2nd Refinement
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Step 4: Figure 27 shows 3rd refinement the initial mesh.
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Figure 27 3rd Refinement



Step 5: Figure 28 shows 4th refinement of the initial mesh.
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Figure 28 4th Refinement



Step 6: Figure 29 shows 5Sth refinement of the initial mesh.
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Figure 29 Sth Refinement



Case (b) : Modified Quadrilateral Discretization

Step 1: Figure 30 shows the initial mesh.
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Figure 30 Initial Mesh



Step 2: Figure 31 shows 1st refinement of the initial mesh.
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Figure 31 1st Refinement



Step 3: Figure 32 shows 2nd refinement of the initial mesh.
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Step 4: Figure 33 shows 3rd refinement of the initial mesh.
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Figure 33 3rd Refinement



Step 5: Figure 34 shows 4th refinement of the initial mesh.
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Step 6: Figure 35 shows 5th refinement of the initial mesh.
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Figure 35 5th Refinement




CHAPTER YV

DISCUSSION AND CONCLUSION

In this thesis, shape optimization of compliant mechanisms was done through
subdivision. The compliant displacement inverter and amplifier, and compliant gripper
were used as two examples of compliant mechanisms. Regular quadrilateral
discretizations and modified quadrilateral discretizations were considered as the two
topological discretizations for both the compliant mechanisms for the purpose of
subdivision.

To subdivide the initial mesh of the discretized compliant mechanisms, Chaikin’s
algorithm for corner cutting was used. This method holds benefit over the other popular
subdivision scheme, i.e., Doo-Sabin subdivision scheme because Chaikin’s algorithm can
be easily applied to both closed and open loops. Since for our analysis purposes, we
considered only one half of the mechanisms, the figure contained both open loops and
closed loops. Since the input and output nodes were also fixed, Chaikin’s algorithm was
easily applicable to other control nodes in the control mesh. With each refinement after
applying Chaikin’s algorithm, smooth edges were generated which resulted in the overall
smoothness of the shape.

The thesis involved analysis of the two dimensional surface for the compliant
mechanisms. The analysis can be extended to three dimensional problems as well. Since
Chaikin’s algorithm converges the initial mesh to the desired limit surface slower than
other subdivision methods. Other popular methods of Doo-Sabin subdivision scheme,
Catmull-Clark’s algorithm for subdivision etc. could be used for faster convergence.

Work can also be extended where; by selecting different control points on the initial
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surface, different control polygons can be formed. Subdivision of control polygons

formed by a combination of different initial control points can also be compared.
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